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INTRODUCTION 
Nonequilibrium Gas Effects 
The fluid dynamics of low-speed flow assumes that the gas is incom­
pressible and in this case the kinetic energy of the flow represents only 
a small portion of the total energy of the gas i.e., if we bring the gas 
to rest then there will be no significant rise in temperature. As the 
velocity of the flow increases, the flow kinetic energy becomes an in­
creasingly larger proportion of the total energy of the gas and when the 
gas is brought to rest this flow energy is available for conversion into 
heat energy of the gas. Under such circumstances the thermodynamic prop­
erties of the gas are significant parameters. 
As the temperature of the gas is raised deviations from perfect gas 
behavior occur i.e., the vibrational mode of the molecules becomes ex­
cited, dissociation and ionization can occur. The translational and ro­
tational modes of air are normally excited at low temperatures (Z^K), 
while the vibrational mode becomes important above 800°K. Dissociation 
of diatomic oxygen can occur at temperatures above 2500°K while nitrogen 
dissociation will occur at temperatures above 4000°K. As the temperature 
increases farther, T>5500**K, the electrons of the atoms can become ex­
cited and move to the outer orbits, with increasing temperature T>8000°K, 
the electrons may be removed from the outer orbits and ionization takes 
place (1,2). 
In some cases the flow is assumed to be in complete local equilib­
rium, this implies that all molecular processes take place within the gas 
infinitely rapidly, that is, the gas can adjust instantaneously to changes, 
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in its environment. However, if the characteristic time for readjustment 
by collisions is of the same order as the characteristic time of the fluid 
flow, then this equilibrium assumption is no longer valid. Then nonequi­
librium effects must be taken into account. These effects can occur in 
connection with any of the molecular processes, translational, rotational, 
vibrational collisions and chemical reactions. The adjustment of trans­
lation and rotation requires relatively few collisions, therefore the 
corresponding characteristic times are accordingly short. Nonequilibrium 
in these processes will therefore become important only when the character­
istic flow time is very small. Other processes, vibrational and chemical, 
are relatively slow to adjust. Nonequilibrium effects in these processes 
may therefore occur when the characteristic flow time is still large com­
pared with those pertinent to translation and rotation. Since the proc- ' 
esses in question are not active at low temperatures, the existence of a 
high temperature level is essential. This may be found, for example, in 
the flow downstream of a strong shock wave or in the expansion through the 
nozzle of a hypersonic wind tunnel. 
The study of vibrational relaxation of diatomic molecules occupies a 
central role in the evaluation of kinetic properties of high temperature 
gases, both because of its importance in itself and because of the strong 
coupling between vibrational relaxation and other chemical processes 
(3,4.5). For example, vibrational relaxation occurs as a stage in the 
complex process of thermal dissociation of diatomic molecules. 
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Harmonie Oscillator Model 
Many of the theoretical investigations of the detailed molecular in­
teraction during vibrational energy relaxation and the dynamical behavior 
of the relaxing vibrational distribution have used the harmonic oscillator 
for the molecular model. In this model the oscillator is represented as 
two masses connected by a spring with a linear stress-strain relationship 
for the restoring force between the masses (1). This leads to the oscil­
lator having equally spaced energy levels. Among the first to study the 
relaxation of harmonic oscillators, Bethe and Teller (6) treated the 
problem of vibrational relaxation behind a shock wave by using a system 
of microscopic relaxation equations to arrive at a macroscopic vibrational 
energy relaxation equation of the form 
à E ^ / L t )  __ - E v C t )  
o't ' 
where E^(t) is the vibrational energy at time t, E^(oo) is the vibrational 
energy at equilibrium and "C (p,T) the vibrational relaxation time that is 
a function of the local pressure and temperature. This equation is com­
monly used in fluid flows involving vibrational energy relaxation and is 
the basis for evaluating much of the experimental data used to determine 
the vibrational relaxation time. The collision of atoms with oscillators 
was originally studied by Landau and Teller (7) from a classical approach. 
They obtained the dependence of energy transfer on the temperature of the 
surrounding gas, but went no further in solving the relaxation problem. 
This dépendance leads to what is commonly called the Landau-Teller plot. 
In this log (p^) is plotted versus T , and energy exchange following 
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the Landau-Teller form will emerge as a straight line on the plot. They 
put forth the selection rules for the transition probabilities for the 
harmonic oscillator as 
(2) 
where is the probability of transition from level n to level n+1 
and the probability of transition from level 1 to level 0. Later 
quantum mechanical studies (8,9,10,11) did not indicate any major modifi­
cation of Landau and Teller's results, they indicate that for most problems 
of interest transitions are predominantly between adjacent states. 
In a notable paper Rubin and Shuler (12) treated the relaxation of 
harmonic oscillators in an inert diluent heat bath. They obtained an ap­
proximate solution to the problem under the condition hV/kT« 1. This 
would be the case for a system of harmonic oscillators with sufficiently 
small energy level spacing or at sufficiently high temperatures. In this 
solution they showed the relaxation of initial Boltzmann distribution will 
proceed through a continuous series of Boltzmann-like distributions. For 
the same problem Montroll and Shuler (13,14) found an exact solution, and 
obtained results that are identical to Rubin and Shuler (12). Because of 
these continuous Boltzmann-like distributions a time varying vibrational 
temperature can be defined during the relaxation process. This theoretical 
treatment was used by Shuler (15) to study the efficiency of intermolecular 
energy transfer from the relaxation of vibrational energy behind a shock 
wave. Other initial nonequilibrium distributions do not necessarily relax 
through this continuous sequence of Boltzmann-like distribution (13), but 
the relaxation of the mean vibrational energy of a system is determined 
5 
solely by the amount of the initial vibrational energy and not on the 
initial number distribution of the oscillators (12). Shuler et al. 
(16,17,18) state the conditions upon the transition probabilities and 
oscillator model for the population to relax through a continuous sequence 
of Boltzmann-like distributions. These conditions, ttco of which are: 
equal energy level spacing of the oscillator and transition probabilities 
of the Landau-Teller form, are quite restrictive on the relaxation model. 
Rubin and Shuler (19) show that transition probabilities that are expo­
nentially increasing with vibrational quantum number cause the intervening 
distributions to be non-Boltzmann. 
The situation of a finite heat bath capacity, or variable temperature 
heat bath, was treated by Herman and Rubin (20), Hsu and McMillen (21) and 
Shuler (22). These authors also include, to some extent, the binary col­
lisions of the molecules. For these collisions the molecules can exchange 
vibrational energy between themselves as well as the transiational mode of 
the gas. Shuler (22) finds results similar to those of references (12, 
13,14), the number distribution relaxes through a continuous sequence of 
Boltzmann-1ike distributions. Osipov (23) and Osipov and Stupochenko 
(24) also verified this relaxation behavior of the harmonic oscillator. 
Rankin and Light (25) also investigated the variable temperature heat 
bath process. They included vibration-vibration and vibration-translation 
collisions in the formulation of the problem and find an exact solution 
using transition probabilities of Landau and Teller (7). As before they 
found the intervening distribution to be Boltzmann-like for an initial 
Boltzmann distribution, but non-Boltzmann for an arbitrary initial dis­
tributions. All of the above theoretical work was done using the assumption 
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of single quantum level transitions. Rapp and Englander-Golden (26) and 
Zelechow Gt al. (27) investigated the transition probabilities for vibration 
vibration and vibration-translation probabilities for multiple quantum 
transitions. Northup and Hsu (28) applied multiple quantum transitions, 
which are important for temperatures that are much higher than the charac­
teristic vibrational temperature T^, to a system of harmonic oscillators' 
in an inert heat bath. Their results verified experimental results of 
Millikan and White (29), on a Landau-Teller plot there is essentially a 
straight line relationship between the vibrational relaxation time and 
temperature. 
Experimental Studies 
Along with theoretical analysis much experimental work has been done 
examining the vibrational relaxation time in gases. Read (30) surveys the 
procedures and results for many different types of gases. To evaluate 
vibrational relaxation times at high temperatures the most commonly used 
method has been the shock tube. Experiments have been done by Millikan 
and White (29), Gaydon and Hurle (31), Blackmann (32) and Hurle (33). 
They all treat the relaxation behind shock waves, using Equation 1 and 
the harmonic oscillator model assumption to reduce the experimental data. 
Because of the properties of the shock tube, these experimental 
determinations have been obtained under conditions in which the predomi­
nant kinetic process is one of excitation of the vibrational mode to some 
final equilibrium distribution. However, many of the flows of current 
interest, propulsive, reentry and wind tunnel flows, involve expansion 
environments in which the predominant process with respect to vibration 
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is one of de-excitation, corresponding to a flow of the distribution from 
higher to lower energy states. In practice, the relaxation times arrived 
at in shock tube studies (excitation) have been extrapolated to expansion 
(de-excitation) environments. 
In contrast to the shock tube studies. Hurle et al. (34) studied 
vibrational energy relaxation in supersonic nozzle (expansion) flows. 
These flows result in systems having high mean vibrational energy and 
relatively low translation energy. The departure from equilibrium, as 
given by the difference in vibrational and transiational energies, is 
considerably greater than that existing when measurements are made in 
the more usual shock tube environments. They found the vibrational re­
laxation time of the expansion flow to be much shorter than that in the 
shock tube studies. Other experimental studies (35-39) have been prepared 
and have substantiated the results of reference (34). The order of magni­
tude in the differences varies with the experiment, but two orders of 
magnitude appears to be common (36). Sebacher (40) uses a theoretical 
analysis and correlates much of the data obtained from expansion analysis 
to obtain a factor of 1/70 for the ratio of expansion flow relaxation 
time to shock tube relaxation time. 
Russo (36) investigated the effects of impurities in the gas and 
concludes, while they do affect the relaxation process, it is not enough 
to explain the results obtained. However, Von Rosenberg et al. (41) do 
conclude that gas impurity plays an important part in the anomalous re­
sults. They find some enhancement in the vibrational relaxation time, 
but it is much smaller than previously reported, and cannot state whether 
this is a property of the molecule or due to impurities. Hurle and Russo 
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(35,42) postulate that the coupling of free elections and the relaxation 
process may be the cause of the enhancement in expansion relaxation times. 
inharmonic Oscillator Model 
Equation 1 for Landau-Teller relaxation is valid over the entire range 
of the relaxation process for the ideal harmonic oscillator. It is only 
valid for small departures from equilibrium for the anharmonic oscillator 
(34). In the normal shock wave studies, the rate measurements are made 
principally during the final stages of the approach to equilibrium, there­
fore Landau-Teller theory may well describe the vibrational relaxation in 
this region. Since all real molecules have anharmonicities, the anharmonic 
oscillator model has been selected by several researchers. In this model 
the energy level spacing of the oscillator is not equal and in the limit 
of infinite separation distance of the two atoms of the molecule the 
vibrational energy becomes the dissociation energy of the molecule (1). 
The transition probabilities for the anharmonic oscillator also fail to 
meet the conditions stated in references (16,17,18). When the effects of 
molecular anharmonicity are included in the theoretical treatment of the 
relaxation process, another molecular collision process, that of vibration-
vibration energy exchange becomes important. Bazley et al. (43,44) use 
the same inert, constant temperature, heat bath model as references (12,13), 
but only consider energy exchange between the vibrational and translational 
modes. They conclude that the anharmonic effect is small, on the order of 
the anharmonicity, for an initial Boltzmann distribution but may be larger 
an arbitrary initial distribution. They use transition probabilities from 
Herman and Shuler (45), while these are different from those of Landau and 
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Teller (7), they do not have the exponential rise that is shown in transi­
tion probabilities calculated by Treanor et al. (46) and this investigation 
based on Herzfeld and Litovitz (47). Thompson (48) also treats the 
vibrational-translational energy exchange with the Morse potential but 
finds agreement with Landau and Teller (7) at high temperatures. 
Available theory (18,26,37,47) indicates that among the lower vibra­
tional states the probabilities for vibration-vibration energy exchange 
are orders of magnitude greater than the probabilities for vibration-
translation exchange at temperatures below the characteristic vibrational 
temperature of the molecule. Treanor et al. (46), Rich and Rehm (49), 
and Fisher and Kummler (50,51) have made efforts based on this premise in 
theoretical treatments. The vibration-vibration energy exchange process 
is thought to be the collision mechanism leading to enhanced vibrational 
relaxation times in expansion flows. It has been found (23,24) that the 
establishment of equilibrium is accomplished in two stages, the first, 
rapid stage, corresponds to the establishment of a quasi-steady distribu­
tion of the molecules through elementary acts of exchange of vibrational 
quanta, while the total number of such quanta remain unchanged. The 
second, slow stage, corresponds to the evolution of the quasi-steady 
distribution into the equilibrium distribution through vibration-
translation collision processes. For the harmonic oscillator these 
quasi-steady distributions are Boltzmann-like. However for the anhar-
monic oscillator the vibration-vibration exchange collisions are not a 
device solely for redistributing energy within the vibrational mode. Since 
the energy levels are not evenly spaced some energy is exchanged with 
the translational mode in each vibration-vibration collision. This 
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"non-resonant" feature results in a quasi-steady distribution that can dif­
fer significantly from a Boltzmann distribution (49). Under certain con­
ditions Treanor et al. (46) found that this quasi-steady number distribu­
tion has a population inversion. In a number distribution with a population 
inversion the upper quantum levels become extremely overpopulated with re­
spect to a Boltzmann-like distribution and in some cases the population of 
the upper quantum levels may be greater than those of the lower quantum 
level. Treanor et al. (46) and Rich and Rehm (49) assume that the form of 
this quasi-steady number distribution also holds throughout the entire 
relaxation process. This enables them to obtain a first moment relaxation 
equation to be used in the vibration-translation energy exchange region. 
This first moment equation is analogous to Equation 1, the Bethe-Teller 
relaxation equation, reducing to this equation for the special case of the 
harmonic oscillator. They conclude that the rate of relaxation of vibra­
tional energy can be hastened in a gas system in which vibration-vibration 
exchange is a dominant mechanism if the following conditions are satisfied; 
1. The vibrational temperature is a considerable fraction of the 
characteristic- vibrational temperatures. 
2. The vibrational temperature is greater than the transiational 
temperature. 
These conditions clearly do not apply to a shock wave environment but 
are associated with expansion flow environments. 
Present Goal 
The objective of this study is to examine the relaxation of a system 
of anharmonic oscillators in a simulated expansion (de-excitation) en­
vironment. This is done in an effort to resolve the discrepancy in the 
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vibrational relaxation rates inferred from shock wave and expansion flow 
experimental studies. The effects of both vibration-vibration and 
vibration-translation energy exchange will be included. Previous studies 
including vibration-vibration energy exchange either treated only the 
vibration-vibration process (50,51), or used the method of the first 
moment of the number distribution (46) to study the relaxation to equi­
librium. In this study the vibration-vibration process will be included 
by using the method of Treanor et al. (46) to obtain the initial quasi-
steady number distribution, and letting the quasi-steady distribution 
relax to final equilibrium through vibration-translation energy exchange 
using the master relaxation equations. The number distributions and vi­
brational energy obtained from the solution of the master relaxation equa­
tions will be compared with those obtained with other methods. An effort 
will be made to establish the validity of the Bethe-Teller relaxation 
equation to describe vibrational energy relaxation in expansion flow 
environments. 
Since air is the gas of most interest to the aerodynamicist and is 
approximately 79 percent nitrogen, this gas was selected for analysis. 
There is also a large amount of experimental and theoretical treatments 
of this gas in the literature. 
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MALYTICAL TREATMENT 
Theoretical Model 
This study of the relaxation of a system of anharmonic oscillators is 
based on the following model: 
1. A system of excited diatomic anharmonic oscillators are immersed 
in a diluent heat bath of similar oscillators in which the exchange in 
translations! temperature is assumed negligibly small. 
2. The excited oscillator exchanges energy with transiational and 
vibrational energy modes of the heat bath molecules. 
3. No dissociation or recombination is permitted. 
4. All energy exchange is through molecular collision processes with 
radiative energy exchange neglected. 
Master Relaxation Equations 
To describe the relaxation of the vibrational degree of freedom, rate 
equations of the following form can be used (14) 
where the prime indicates that terms with n = m are omitted, x is the 
number density of molecules in level n and is the probability per unit 
time of transitions through collision from level m to level n. The second 
subscript denotes the final level. In this equation x ^  is the popu­
lating term to level n while W x is the depopulating term from level n. 
nm n ^ ° 
The transition probabilities per collision, P for vibration-translation 
mn 
exchange and for vibration-vibration exchanges are related to 
m • C n ^ 
(3) 
n 
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the transition probabilities per unit time by (14,50,52) 
w. 
% 
3JW - : 
'•m-n = 
f^ T^ '3 •/- .S- £,-ry> 
(4) 
where Z is the collision number i.e., the number of collisions per unit 
time suffered by the oscillator when the gas density is one molecule per 
unit volume, the number density of molecules with energy sufficient to 
excite the molecule from level m to level n>m and N the number density 
of molecules that can de-excite the molecule from level n to level m<n. 
is the transiational transition probability per collision of a de­
population from level n to level m, P the transiational transition 
probability per collision of a population from level m to level n, 
^1 m's n vibrational transition probability per collision of a popu­
lation from level m to level n while the colliding molecule changes from 
level- 1 to level s, P , the vibrational transition probability per 
collision of a depopulating collision from level n to level m while the 
colliding molecule changes from level s to level 1. Equation 3 can then 
be written 
Al») 
(5) 
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If we note that P = P (14) and that the summation 
mn nm 
^ ^ ^ ^ ^  ^.n;4^Tn ~ ^ f ^'?»'/-Çn — ifn ifi ^ 
Equation 5 becomes 
4J^  -  ^ Z R»-n [aI'A-ni - //%)/-I- 2~  ^ ( 
^6 w/y; / / / J 
(7) 
^ ^ ~ ^sX-r. 
w -a / 
This equation can be further simplified by noting that at equilibrium 
dx^/dt = 0 and the principle of detailed balancing (53) requires 
X f / l  — A /  ^ 
/•J—// yx) ' ^ -Tyxi'^ (g) 
Since all molecules of the heat bath are energetically capable of 
removing a vibrational quantum during a collision (12), N~ can be re­
placed by N, the total concentration of heat bath molecules. We then 
have 
/7 _ / i 
At equilibrium the population of level n is given by a Boltzmann 
distribution (1) 
X->7  ^ eaP^ -B^ /kT) 
Â" —-ôôô 
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where 
^ t) (11) 
•57 
is the partition function, the vibrational energy of level n, k 
Boltzmann's constant and T the equilibrium temperature. Therefore 
Equation 9 can be written 
^ - e^'p /- fhzz-Éh. 
// A-r i 
[- / 
 ^ L A-r J 
(12) 
substituting these into Equation 7 we have 
4^  - f/-m eypj- /— / 
<2/^ ty}<•3^ ^ i I J 
Rn-n J— /-n ex^ p j^  -•£^ , / ^  (13) 
 ^^ - yjry^  ££±.^ 22_=:^  
'yy? 5^^  ^£, j , / >47^  
CZ'Z? 
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At this point Equations 13, the master relaxation equations, are quite 
general, allowing for transition between any levels of the oscillator and 
any model oscillator to be used. 
The selection rule n = + 1 and Equation 2 hold for the harmonic 
oscillator model (7,54). Under these conditions, Rankin and Light (25) 
have taken a Boltzmann master equation similar in form to Equations 13 
and formulated an exact solution. They found that an initial Boltzmann 
distribution will relax to equilibrium through a continuous sequence of 
Boltzmann distributions. This is identical to the result of Montroll and 
Shu1er (13) for a relaxation process with no vibration-vibration energy 
exchange. 
In this investigation the Morse anharmonic oscillator model will be 
used. This model more closely approximates the behavior of a real mole­
cule, in that the energy levels approach one another more and more closely 
until finally the energy associated with vibration is just sufficient to 
cause the atoms to dissociate. Morse proposed a potential of the form (1) 
When this potential is used in the Schrodinger wave equation the permitted 
energy levels are (1,43) 
Morse Anharmonic Oscillator 
(14) 
where d^ and a are empirical constants related to dissociation energy and 
vibration frequency of the lowest state, r and r^ are the instantaneous 
and equilibrium separation distances. It is noted that as r—> <=«, X-3» d^. 
£•7, = /t? - h V (15) 
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where n is the vibrational quantum number, h is Planck's constant, -f the 
vibrational frequency of the lowest state and 
6%: ^   (16) 
is the anharmonicity of the molecule. With this, and using 
e  =  ( 1 7 )  
the exponential terms in Equations 13 become 
XI - ->.-1 / "730 
k r -
— ^'TyJ 
-J- — £^S — 
17- / 
and Equations 13 finally become 
- ^ ~  £ i J c  
•7r7<^ -yn (18) 
^  S/'f ^>-nI/-JT} e:(pf-ô / -  CLfs{7)t.7y)')lj — y-> 
^ L C J J 
-h^ 2a/P-mT) -,6^  
%9y39 / L L J 
(19)  
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Single Quantum Transition 
For temperatures below the characteristic temperature for vibration, 
TT- hi: (20) 
k 
the most likely collisionally induced vibration process that can occur is 
the exchange of vibrational quanta i.e., the loss of quanta by one mole­
cule accompanied by a gain of an equal number of quanta by the other. The 
exchange of a single quantum is much more likely than a multiple-quantum 
exchange (46). Of the collisional processes in which vibrational quanta 
are gained from or lost to the translational mode the most likely process 
is the gain or loss of a single quantum. Multiple-quantum transitions are 
of importance only at translational temperatures well above the character­
istic temperature for vibration (28). In the present investigation 
multiple-quantum transitions were allowed in a few trial cases, as ex­
pected there was negligible differences between single and multiple-
quantum transition results. Therefore only single-quantum exchanges will 
be considered. This leads to the use of m = n + 1 and 1 == s + 1 in 
Equation 19. Equation 19 then becomes 
yk,// - y-n ^^ )JJj 
V ^ Z y-n-y J^ZU/c.(7?-S-0 
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this equation describes the rate of change of with time in the absence 
of dissociation or recombination. Two distinct types of terms are present; 
these being vibration to translation terms of the form P x and vibra-
mn m 
tion to vibration terms of the form P, x x Previous researchers l,m;s,n 1 m 
(37,46,49,50) have shown that, in the temperatures range of this investi­
gation, the vibration to vibration exchange probabilities are extremely 
large compared to the vibration to translation probabilities. Therefore 
vibration to vibration exchange is the dominant mechanism for vibrational 
energy redistribution. This suggests that vibration to vibration exchange 
processes establish a steady-state distribution long before appreciable 
relaxation due to vibration-translation processes occur (22-24). There­
fore two time scales for vibrational relaxation can be imagined, the first, 
t^ in which the slower vibration-translation plays little or no role and 
the distribution of vibrational energy is determined by vibration-vibration 
exchange processes. The second, t^^ where the vibration-translation proc­
esses gradually degrade the vibrational distribution toward equilibrium. 
Quasi-Steady Number Distribution 
In this context Treanor, Rich and Rehm (46) establish a steady-state 
solution for the first time scale t in which only vibration-vibration 
w ' 
exchange is important. They achieve this by introducing an ordering 
parameter 
A  ( 2 2 )  
and defining 
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jc-T) = y-^. 
A/ 
(23) 
Fiivy -
£ 
A A 
where x is the fractional number of oscillators in level n and P and 
n nm 
P  1 , 1  a r e  n o w  o f  t h e  s a m e  o r d e r .  T h e  t i m e  d e r i v a t i v e  a n d  t h e  
s ,n;s-l ,n+l 
number distribution function are expanded in powers of the small param­
eter B as; 
 ^--  ^ '^iJ, " • • • 
(23a) 
X-n -  ^  ^ S rh £ Y"" 
and these substituted into Equation 21. Grouping into coefficients ac­
cording to powers of £ and setting coefficients of like powers of £ to 
zero they obtained, for ô" 
(24) 
where x^' is fraction number distribution solution to the zeroth-order 
equation. There is some uncertainty in determining to what quantum level 
Equation 24 is valid. In considering the transition probabilities among 
the highest states, the vibration-vibration mechanism may not dominate the 
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collision processes (49). Therefore some level K must be chosen as a 
truncation level for the sums in Equation 24 and the following summations-
In this investigation K was chosen as 25 for a heat bath temperature of 
500°K and 30 for heat bath temperatures of 1000°K and 2000°K. At these 
values the vibration-vibration transition probabilities are larger than 
the vibration-translation transition probabilities and Equation 24 is 
presumably valid. 
This zeroth-order equation is a non-linear equation for determining 
the quasi-steady distribution in a system dominated by vibrational ex­
change collisions. By direct substitution it can be verified that Equa­
tion 24 has the following solution 
^ ) <2)(p'{-£-n/^T) (25) 
where n is the vibrational quantum number and ^  is a single parameter for 
all energy levels. The parameter ^  is a slowly varying function of time, 
starting at a value dependent upon the initial oscillator vibrational 
energy and approaching unity at equilibrium. 3" can be written in terms 
of a parameter Ô* , which can be compared to a vibrational temperature. 
Because Equation 25 is a non-Boltzmann distribution, in fact, no actual 
vibrational temperature exists. If a population factor is defined 
for each level by 
)\'?3 = Xù ) (26) 
then for a Boltzmann distribution is equal for all levels and is the 
vibrational temperature- With Equation 25 and Equation 26 ^  can be written 
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(27) 
ÂB/ A-r 
and â-n is related to 6f by 
(28) 
with Equation 28 the distribution function can be written 
/ k-r (29) 
The vibration-vibration exchange processes are of two kinds: those 
in which equal numbers of quanta are exchanged within the vibration mode, 
1-s = n-m, and those in which some quanta are exchanged with the vibrational 
mode, and some are exchanged with the translation mode, so that 1-s # n-m. 
Due to the large resonance defect during these latter transitions, their 
rates are much smaller than the rates for the exchange of equal numbers 
of quanta (46). These "uneven exchange" vibration-vibration rates are 
also much smaller than the direct vibration-translation rates, therefore 
only vibration-vibration collisions in which equal number of quanta are 
exchanged are considered. This essentially means that the sum of the 
average vibrational quanta will remain constant during the vibration-
vibration dominated regime (23,24,46,49,50). This conservation of vibra­
tional quanta is used to find a solution to Equation 29. On the vibration-
vibration time scale the initial vibrational distribution forms a steady 
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state distribution by the exchange of vibrational quanta, in each single 
quantum exchange reaction 
Xvj V- Xs -f- (30) 
the sum of vibrational quanta remains constant. This constancy of quanta 
will be maintained until vibration-translation processes reduce the total 
vibrational energy on long time scales. This permits the calculation of 
the quasi-steady state distribution if the initial number distribution is 
known. As mentioned previously the sum of the average vibrational quanta 
will remain constant, therefore during the short time t«t^^ the average 
number of vibrational quanta which is defined as 
l/r ^  ^ (31) 
where n is the vibrational quantum number, will remain constant. With 
Equation 29 substituted for Equation 31 becomes 
L  ^4- l - I F  • •  
With V known from the initial oscillator vibrational energy. Equation 
32 can be solved by iterative methods to obtain 9Î with this, can be 
found from Equation 28 and the quasi-steady state number distribution from 
Equation 29. This number distribution is the result of vibration-vibration 
energy exchange when vibration-translation energy exchange has little or 
no effect upon the relaxation process. 
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Rather than integrating the master relaxation equations, Treanor, 
Rich and Rehm (46) put forth a solution for anharmonic vibrational energy 
relaxation by using V, the average number of vibrational quanta defined 
in Equation 30. The time rate of change of this quantity 
d t '  J i  I  J  
(33) 
is referred to as the first moment relaxation equation. In the case of 
the harmonic oscillator it describes the actual vibrational energy re­
laxation. For the anharmonic case Treanor et al. concluded that solutions 
to this equation should show qualitatively the effects of anharmonicity. 
Taking the first moment of Equation 21 and substituting the zeroth-order 
solution for x^'' we get 
n ^ 
(34) 
with Equation 29 this can be reduced to (see Appendix A) 
For the case of Landau-Teller dependence. Equation 2, and the harmonic 
oscillator model, this equation reduces to the Landau-Teller energy re­
laxation equation (see Appendix B) 
25 
e J (  1  )  
cl'ù 
where 
£yf/t.) = £ y P & / k ô f  )  
(36) 
/ -  e>fp^-£,/ÂT) 
^sho relaxation time for the simple harmonie oscillator model. For 
the anharmonic oscillator. Equation 35 shows the relaxation is no longer 
exponential in character as indicated by Equation 37 for the harmonic 
oscillator. A local exponential relaxation time is defined for the an­
harmonic oscillator using Equation 35. This is 
^ (38) 
dV/dt 
•where 
(39) 
0 
and dV/dt is given by Equation 35. For the harmonic oscillator C, is 
sho 
a function of temperature and therefore is constant in a relaxation process 
in which T is assumed constant. In the anharmonic relaxation process where 
is no longer constant, this leads to difficulties when trying to compare 
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the relaxation times obtained from the different oscillator models. This 
will be discussed further in the results section. 
Vibration-Translation Transition Probabilities 
Once the quasi-steady distribution. Equation 29, has been found the 
master relaxation equation for the vibration-translation processes must be 
solved. It is in the solution of these equations that the selection of the 
transition probabilities play a large part. 
Herman and Shuler (45) and Herzfeld and Litovitz (47) have shown that 
transition probability strongly increases with the decrease in energy which 
has to be transferred to or from the translation energy. Therefore complex 
collisions may become very important in many cases. Two cases in which 
this occurs are (47): 
1. A diatomic oscillator with a vibrational characteristic tempera­
ture (T ). = h T^./k collides with another oscillator with characteristic 
C A A 
temperature (T^)^ = hT'^/k. In a straightforward deactivation an energy 
h -7^ = k(T^)^^ would have to be transferred to translational energy. But, 
in a complex process, the substrate loses a quantum h while in the col­
lision the colliding oscillator is excited and gains the quantum h-f^, and 
only the difference h - h is changed into translational energy. This 
complex process may be much faster than the direct one. 
2. The case of polyatomic molecules, which have many vibrational 
frequencies "7^, If only single quantum processes existed, 
these would each have to be de-excited separately by collisions. Again 
the complex collision takes over in a process in which the vibrational 
energy of mth vibration h is not directly changed into translational 
27 
energy, buC the part h-y' where h-y > h V is used to excite the nth 
n m n 
vibration, in the same oscillator or in the collision partner, by one 
quantum and only the difference h 7^ - h -7" is transformed into trans-
m n 
lational energy. 
The anharmonic oscillator is similar in a sense with the second 
example. In the anharmonic oscillator the decreasing spacing between 
energy levels with increasing quantum number leads to a difference in 
vibrational energy levels between the substrate and the colliding oscil­
lator. Although it is a diatomic oscillator, the anharmonicity can be 
thought to assign a different vibrational frequency-7^ to each level. 
Landau and Teller (7) assume an exponential interaction law between 
colliding molecules and deduce a transition probability of the form (47) 
where 1' is the range of the repulsive forces measured in angstroms, T 
the characteristic temperature of vibration, v the relative velocity of 
the molecules and Z' is undetermined at this time. Sharp and Rapp (55) 
give 
(40) 
(41) 
•77 
as the probability of transition from any level n to any other level m > n. 
These transition probabilities depend upon the relative molecular velocity 
V, to arrive at a temperature dependent transition probability Equation 41 
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must be averaged over the Maxwell distribution law of velocities v for the 
relative motion in one-dimension which is (47) 
^ :r n/Jv w /- ) (42) 
^ AT" I Zk'''J 
where dN/N is fraction of incident oscillators with velocity between v and 
dv, m is the reduced mass 
•j55 r ^ Wa (43) 
where m is the mass of the colliding molecule and m is the mass of the 
substrate molecule and T is the transiational temperature. The average 
probability of transition is then 
r rh.-m-n f /- j 
[(fn--n)i] (Z) // / I ^ ^ J 
(44) 
y 4» 
Since this integral cannot be evaluated exactly it must be solved by 
approximate methods. Herzfeld and Litovitz (47) do this in the following 
manner: the probability of energy transfer increases strongly with in­
creasing velocity but the number of molecules with high velocity decreases 
strongly with increasing v. Therefore the product of these factors will 
have a maximum for some velocity v^^^. Since v occurs in the exponent the 
function will fall steeply away on either side of the point where v = v 
max . 
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and only molecules with velocities near v will be important in calculat-
max 
ing transition probabilities. They find the velocity for which the ex­
ponent in Equation 45 is a maximum, this exponent is then expanded in a 
Taylor series about this maximum velocity. With this inserted into Equa­
tion 44 and integrating over all the oscillators with velocities near v , 
max 
the result is then (28) 
 ^• -L- /rs I 7^  1 ' W1^) 
(45) 
To arrive at the transition probabilities for the anharmonic oscil­
lator we must assume the oscillator behaves as case 2 of the complex col­
lisions discussed previously. The energy transferred to translation is no 
longer hy = kT but E - E from Equation 15 
c m n ^ 
X  / ' 7 7 - Â y  (15a) 
if we define 
•y^ r 
(46) 
/z 
Equation 15a becomes 
(47) 
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and 
— Û-n - (48) 
Replacing kT^ in Equation 45 by Equation 48 the transition probability 
becomes 
'/i r r . n'/s 
'•JJ7W 
7). " ^ >rànWlîr) -^ V/ 
(49) 
-^/Li 
Sharp and Rapp (56) and Northup and Hsu (28), for one-dimensional col­
lisions, give the factor Z' as 
^ / (50) 
again replacing kT by k / (T ) - (T ) 1 , Z' -becomes 
C ^ C HI C H j  
/ /' 
27r^o.o8y'}5^A''-kf{7z)^ J . 
(51) 
When the restriction of single level quantum transitions is imposed. 
Equations 49 and 51 become 
p _ 77-^ 
(52) 
( 27r^û.os)-7nji."'/î'72.^j^ujt{zn-f^i}JJ 
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Once the transition probabilities have been selected it is then 
necessary to solve Equation 21 for the number distribution. Using the 
results that the vibration-vibration exchange processes establish a quasi-
steady distribution in a time interval much shorter than in the vibration-
translation processes. Equation 21 is written 
(21a) 
where the vibration-vibration terms are assumed to be zero during the 
vibration-translation process. This equation is similar to that given by 
Bazely et al. (43). 
If one uses the Landau-Teller transition probabilities (7) along with 
the harmonic oscillator model Equation 21a will reduce to 
(53) 
This equation can also be reduced to the Landau-Teller relaxation 
equation (see Appendix B). 
Initial Conditions 
In order to simulate various gas dynamic environments different 
initial conditions can be imposed upon Equation 21a. To simulate a 
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situation encountered in nozzle expansion flows, one in which the system 
has a high mean vibrational energy and relatively low transiational energy, 
a small fraction of oscillators in equilibrium at a high vibrational tem­
perature Ï are introduced into a diluent heat bath of similar molecules 
vo 
at a much lower temperature. These excited oscillators then relax to an 
equilibrium distribution at the heat bath temperature through vibration-
translation collisional processes. The initial distribution is a Boltzmann 
distribution at a temperature T^^ 
(10a) 
With this number distribution the average number of vibrational quanta 
defined in Equation 31 can be found 
]/ = ^ '^  h. (31) 
Using Equation 32 to find 6/ , Equation 29 can be used to find the 
number distribution that results from the vibration-vibration processes 
during the time scale t^. By assuming that the vibration-vibration proc­
esses take place instantaneously, the distribution found in Equation 29 can 
be used as the initial condition for Equation 21a. The number distribution 
resulting from the integration of Equation 21a can be used to find the non-
dimensional mean vibrational energy as 
^ (54) 
•30 Af 
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Condition 3 of the model, no dissociation or recombination, states 
that the system is closed. This can be expressed as 
y-»  ^ A/ (55) 
where the are level populations. Equation 55 can be used as a check on 
the integration process. 
The oscillator chosen in this investigation is N^, with the following 
molecular constants (1,46): 
,-23 
m ; = mg = 4.6872 x 10 grams 
7^ = 0.7082 X 10^^ cycles/sec 
1' = 1.25 angstroms 
k = 1.3805 X lO'lG erg/°K 
^ = 1.0545 X 10 erg-sec 
d^ = 1.56 X 10 ergs 
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RESULTS AND DISCUSSION 
Numerical Solution 
The preceding analysis has been applied to three different cases of 
heat bath temperature. The temperatures chosen were 500, 1000 and 2000°K, 
all of which are considerably below the characteristic vibrational tempera­
ture of N^. The initial vibrational temperature in each case was chosen 
so that it fulfilled the conditions, T /T 4, set forth in reference (49) 
' vo 
so that vibration-vibration and vibration-translation exchange processes 
can be assumed to occur in distinctly separable time scales. 
All numerical calculations and integrations performed in this in­
vestigation were done using the IBM 350-65 computer of the Iowa State 
Computation Center. The set of simultaneous differential Equations 21a 
were integrated using a variable step Runge-Kutta integration scheme (57). 
The transition probabilities of Equation 52 were used with the initial 
conditions specified by Equation 29. 
Anharmonic Transition Probabilities 
The transition probabilities obtained with Equation 51 are shown in 
Figure 1. . Shown is the ratio n+1^^10 ^ ^i^h is 
From this expression it can be seen that the anharmonic transition 
probabilities are now strongly dependent upon vibrational quantum number, 
increasing rapidly with increasing quantum number. This is a result of 
the term 
35 
/- y/J (57) 
/ — uJe. 
in the exponential expression- This term is always positive and decreasing 
for the vibrational quantum levels of interest in this investigation, thus 
the exponential term is increasing with increasing vibrational quantum 
number. 
Noting Equation 15 this term is seen to be just the energy difference 
£734, - ^  ) (58) 
/ — CtJa 
bet^men adjacent levels. As stated previously this difference decreases 
with increasing quantum number for the anharmonic oscillator. This con­
siderably enhances the transfer of energy between the vibration and trans­
lation energy modes. Due to the anharmonicity a dependence upon temperature 
is noted. 
For the harmonic oscillator, co = 0 or E - E = E_, Equation 57 
e n+1 n 1 ' ^ 
reduces to unity and Equation 56 becomes 
L _ -yj-f-/ (2) 
which is the Landau and Teller dependence (7). These harmonic transition 
probabilities are no longer dependent upon heat bath temperature and for 
all temperatures reduce to a single line in the figures. 
. Also shown in the figure .are transition probabilities taken from 
reference (46). The agreement is seen to be quite good with the difference 
probably due to the selection of molecular constants. 
Table 1 shows the transition probabilities for T = 2000®K and Table 
2 those for T = 500°K. These were the two extremes of temperatures 
Figure 1. Vibration-translation transition probabilities for anharmonic 
oscillator variation with quantum number. A - T = 334°K, 
O - T = 1000®K from Treanor et al. (46). 
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investigated. As can be seen for the lower temperature (500*K) the an­
harmonic transition probabilities are much greater than the harmonic 
transition probabilities at a lower quantum number than for 2000°K. This 
would indicate that transition becomes much more probable in the higher 
quantum levels for lower temperatures. Although the transition probabili­
ties are increasing with vibrational quantum number, it should be noted 
that, in the anharmonic oscillator, the vibrational energy being transferred 
is decreasing with increasing quantum number. For 2000°K the anharmonic 
transition probabilities are becoming closer to the harmonic transition 
probabilities- This would seem to confirm the findings of Thompson (48), 
that in the limit of high temperatures the transition probabilities do 
approach a form similar to Landau and Teller (7). 
Zeroth-Order Number Distribution 
The effect of including vibration-vibration energy exchange by using 
the method of Treanor, Rich and Rehm (46) is shown in Figures 2, 3, and 4. 
In Figures 2, 3, and 4 the ratio , the population factor of the 
n-th level divided by the population factor of the 1st level, is shown 
for several combinations of heat bath temperature and initial vibrational 
temperature. From Equation 28 this ratio can be written 
^ (59) 
Û-ceJ^} — ^ 
y 
for a Boltzmann-like distribution is equal to ôT and is the vi­
brational temperature. This case is represented by the horizontal line 
equal to 1 on Figures 2, 3, and 4. In Figure 2 the heat bath temperature 
Population factor ratio variation with quantum number. 
T = 500°K, Tvo = lOOO-K and 2000°K. / ô." defined by 
Equation 59. 
Population Factor Ratio, â^/â, 
Figure 3. Population factor ratio variation with quantum number. 
T = lOOO'K, T^q = 2000°K and 4000°K. defined by 
Equation 59. 
Population Factor Ratio, 
VO 
Figure 4. Population factor ratio variation with quantum number. 
T = 2000°K, T^o = 4000°K and 8000"K. <S>«/a' defined by 
Equation 59. 
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is 500*K and the vibrational temperatures are 1000 and 2000°K. In both 
cases the vibration-vibration exchange processes destroy the original 
Boltzmann distribution, with the higher vibrational temperature case 
having a significantly larger deviation. Figures 3 and 4 are the same 
quantity graphed for heat bath temperatures of 1000 and 2000°K respec­
tively. These figures show the same general trend as Figure 2, for a 
given heat bath temperature a higher initial vibrational temperature, or 
similarly a higher initial vibrational energy, will cause a significant 
deviation from a Boltzmann distribution. 
It can also be seen from the figures that for a moderately high initial 
vibrational temperature, T^^/T = 2, the deviation from the Boltzmann dis­
tribution is essentially equal for all cases. However if T /T = 4 there 
^ vo 
is a rapid increase in the deviation from a Boltzmann distribution with 
this deviation becoming larger as heat bath temperature decreases. This 
indicates that in a situation where the oscillator must relax from a highly 
excited state to a state of very low temperature the vibration-vibration 
energy exchange processes can have a significant effect upon the number 
distribution of oscillators that will then relax through vibration-
translation energy exchange processes to final equilibrium. 
Figures 5, 6, and 7 show the effect of vibration-vibration energy 
exchange processes upon the initial number distribution. The initial 
number distribution is Equation 29, this can also be written 
^ ^ ^ ^ (60) 
À ûzt v-n 
for a Boltzmann distribution we have 
Figure 5. Variation of initial distribution of fractional number of 
oscillators with quantum number. T = 500®K, T^Q = 2000°K. 
Ln defined by Equation 60. 
Lu (Fraction of Oscillators in Level n), Ln x /x 
Figure ô. Variation of initial distribution of fractional number of 
oscillators with quantum number. T = 1000°K, = 2000°K 
and 4000"K. Ln x^/x^ defined by Equation 60. 
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Figure 7. Variation of initial distribution of fractional number of 
oscillators with quantum number. T = 2000*K, = 4000°K 
and 8000°K. Ln x /x^ defined by Equation 60. 
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^ 2^ s _ "J ^  (61) 
À &7> 7? 
Noting that the population factor, On (Equation 28), is a function 
of both heat bath'temperature and ^ , which is a function of heat bath 
temperature and initial vibration temperature, the dependence of the 
initial number distribution on heat bath temperature, rather than vibra­
tional temperature alone as in the Boltzmann distribution, can be seen. 
In Figure 5 a heat bath temperature of 500°K and vibrational tempera­
tures of 1000 and 2000*K are shown. In this figure the most noticeable 
effect of including vibration-vibration is seen, the population inversion. 
In this phenomenon the higher vibrational levels become more populated 
than some of the lower vibrational levels. The effect becomes particularly 
well pronounced when high initial vibrational temperatures coupled with 
low heat bath temperatures are involved. The solid lines in Figures 5, 6, 
and 7 are the distributions that would result from a Boltzmann distribution 
at the initial vibrational temperature. 
For lower initial vibrational temperatures, on the order T^^^T = 2, 
there is some deviation from the Boltzmann distribution but no population 
inversion at any of the heat bath temperatures shown. 
If note is taken of the anharmonic transition probabilities shown in 
Figure 1, where the probabilities strongly increase with increasing 
quantum number and decreasing heat bath temperature, the combination of 
these transition probabilities with a situation where a population inversion 
takes place may cause a reduction in the relaxation time of this process 
compared to a similar relaxation process without any anharmonic effects. 
57 
Vibrational Level Population Distribution 
In Figures 8 and 9 the oscillator fractional number distribution for 
various energy levels are shown. These number distributions are the re­
sult of using the vibration-vibration quasi-steady number distribution as 
an initial condition to the vibration-translation master relaxation equa­
tions. In Figure 8, T = 500*K and = 2000°K and in Figure 9, T = 1000*K 
and T = 4000°K. Also shown is the number distribution obtained with the 
vo 
first moment equation. Equation 35. Because of the low concentrations of 
oscillators in all but the lowest energy levels a log scale is used. The 
abscissa of the figures is the quantity P^^ZNt. This quantity can be in­
terpreted in two ways, as a non-dimensional time that has the quality of 
being of the same order of magnitude for all temperatures, and as the 
average number of quanta transferred between level 1 and level 0. This 
quantity, called 'k^Q(0)t, was used by Herman and Rubin (20) and Hsu and 
McMillen (21) in their study of harmonic oscillator relaxation behind 
shock waves. The latter investigators found that a value of k^Q(0)t>3 
corresponds to the region in the relaxation process where the vibrational 
relaxation time is nearly constant. This denotes that the time-varying 
heat bath temperature behind the shock wave is approaching the equilibrium 
value. The results of this study tend to confirm this finding, the vi­
brational energy (see Figures 10-12) has essentially reached its equilibrium 
value for P^QZNt>3. 
In Figures 8 and 9 the oscillator distribution of the lower vibra­
tional levels, 2^n^8 for T = 500°K, 2S^n^l4 for T = 1000°K, is momen­
tarily larger than that resulting from the first moment equation, then 
drops steeply toward the equilibrium value. For vibrational levels above 
Figure 8. Variation of fraction of oscillators with dimensionless time comparing master relaxation 
equations and first moment equation. T = 500°K, = 2000®K. 
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Figure 9. Variation of fraction of oscillators with dimensionless time comparing master relaxation 
equations and first moment equation. T = 1000°K, T = 4000°K. 
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those indicated, this overpopulation does not occur, the oscillator con­
centration dropping steeply toward the equilibrium value. While both of 
these distributions are non-Boltzmann, the first moment results are con­
strained to retain the zeroth-order form of Equation 29. This will be 
discussed in more detail later. The master relaxation equation number 
distributions, however are not constrained to any specific form, thus the 
upper levels do not retain the characteristic vibration-vibration over­
population during the relaxation process. Both number distributions are 
closely approaching the equilibrium Boltzmann distribution at a value 
P^gZNt = 7, which in dimensional time is approximately 85.8 seconds for 
T = 500°K and 0.17 seconds for T = 1000°K. The case for T = 2000°K and 
T = 8000°K is not shown, but the results are similar in form, with the 
vo ' 
differences between the oscillator number distributions being smaller. 
These results appear to be consistent with the large upper level transition 
probabilities shown in Figure 1. The number distributions for level 0 do 
not show clearly in Figures 8 and 9, therefore levels 0 and 1 have been 
presented in Tables 3-6. For an identical total number of oscillators, 
the underpopulations shown in Figures 8 and 9 must be accounted for, this 
being done in the lowest vibrational levels. From Tables 4 and 6, the 
first vibrational level is overpopulated during the entire relaxation 
process, while the zeroth level is underpopulated during the relaxation 
process. The large differences in upper level populations may be mis­
leading as the concentration in these levels is very small compared to 
the lower levels. Therefore a population difference of orders of magni­
tude in the upper levels can be supported by a much smaller difference in 
the lower vibrational levels. It is interesting to note that the number 
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Table 3. Population for energy level 0 for T = 500°K and = 2000®K 
X X 
PlcfNt (Master Relaxation Equations) (First Moment Equation) 
0.00 
0.25 
0.50 
0.75 
1.00 
2.00 
3.00 
4.00 
5.00 
6.00 
Qo 
0.7665 
0.8073 
0.8434 
0.8743 
0.9000 
0.9612 
0.9849 
0.9937 
0.9969 
0.9981 
0.9988 
0.7665 
0.8521 
0.8835 
0.9084 
0.9290 
0.9721 
0.9890 
0.9953 
0.9975 
0.9983 
0.9988 
jZNt 
,00 
25 
,50 
,75 
,00 
,00 
.00 
,00 
,00  
,00 
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Population for energy level 1 for T = 500°K and = 2000°K 
\ *1 
(Master Relaxation Equations) (First Moment Equation) 
0.1718 0.1718 
0.1553 0.1138 
0.1353 0.1012 
0.1141 0.0896 
0.0938 0.0654 
0.0371 0.0270 
0.0155 0.0108 
0.0068 0.0047 
0.0030 0.0024 
0.0019 0.0016 
0.0012 0.0012 
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Table 5. Population for energy level 0 for T = 1000°K and = 4000°K 
X X 
o o 
P^gZNt (Master Relaxation Equations) (First Moment Equation) 
0.00 0.6005 0.6005 
0.25 0.6521 0.7180 
0.50 0.7020 0.7666 
0.75 0.7480 0.8053 
1.00 0.7887 0.8394 
2.00 0.8945 0.9154 
3.00 0.9386 0.9468 
4.00 0.9554 0.9587 
5.00 0.9617 0.9631 
6.00 0.9642 0.9647 
CO 0.9657 0.9657 
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Table 6. Population for energy level 1 for T = 1000"K and = 4000®K 
^1 
P^gZNt (Master Relaxation Equations) (First Moment Equation) 
0.00 0.2299 0.2299 
0.25 0.2271 0.1981 
0.50 0.2168 0.1759 
0.75 0.1993 0.1547 
1.00 0.1774 0.1334 
2.00 0.0988 0.0771 
3.00 0.0584 0.0502 
4.00 0.0427 0.0395 
5.00 0.0367 0.0355 
6.00 0.0345 0.0339 
0.0331 0.0331 
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distributions from the master relaxation equations approach equilibrium 
much faster than those of the first moment equation. Thus, microscopically, 
the master relaxation equations appear to reach equilibrium faster than the 
first moment equation in all but the lowest vibrational levels. As will 
be sho^m below this is not the case for vibrational energy. 
The effect of the differences in vibrational energy level populations 
on vibrational energy relaxation can be seen in Figures 10-12. Included 
in these figures is the vibrational energy distribution from the relaxation 
of a system of harmonic oscillators with identical initial and final tem­
peratures. As mentioned previously, the harmonic oscillator relaxes 
through a continuous sequence of Boltzmann distributions, therefore no 
noticeable vibration-vibration effects are present. 
Because of the anharmonicity of the oscillators, for a given average 
number of vibrational quanta, a distribution in which the upper vibrational 
levels are more highly populated will have less average vibrational energy 
than one which has a higher concentration in the lower levels. This can 
be seen by recalling the definition of V and as 
Vibrational Energy Relaxation 
(31) 
•» A/ 
and combining the equations so that 
(54) 
(62) 
) / - ^  
/V 
Figure 10. Variation of dimensionless vibrational energy with dimensionless time comparing master 
relaxation equations comparing anharmonic master relaxation equations, first moment 
equation and harmonic oscillator models. T = 500°K, = 2000°K. 
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Figure 11. Variation of dimensionless vibrational energy with dimensionless time comparing enharmonic 
master relaxation equations, first moment equation and harmonic oscillator models. 
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Figure 12. Variation of dimensionless vibrational energy with dimensionless time comparing anhar-
monic master relaxation equations, first moment equation and harmonic oscillator models. 
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Thus for distributions in which the are larger in the upper levels, 
the subtracting term will be large and the resulting energy value smaller. 
This is also the method used in the following figures to relate V, obtained 
from the first moment equation, to the vibrational energy. This property 
leads to situations where there can be an increase in vibrational energy 
during the vibration-vibration time scale, even though the relaxation proc­
ess as a whole is one of decreasing vibrational energy. If the initial 
oscillator distribution had highly populated upper levels and the vibration-
vibration process lead to a quasi-steady distribution where the vibrational 
quanta were displaced to the lower levels an increase in vibrational energy 
would result. This was noted in the work of Fisher and Kummler (50). How­
ever, in this study where the initial oscillator distribution is Boltzmann-
like, the vibration-vibration process leads to the redistribution of the 
vibrational quanta to the upper levels, therefore a decrease in vibrational 
energy is noted. This decrease is less than three percent in all cases 
studied. As shown in Figures 10-12, the vibrational energy obtained with 
the master relaxation equations is less than the harmonic oscillator, but 
larger than the first moment equation energy. The vibrational energy from 
the first moment equation approaches equilibrium faster than the master 
relaxation equations, vibrational energy. Combined with the results of 
the previous section, this leads to the conclusion that the lowest vibra­
tional levels, particularly level 1, have a dominating influence upon the 
vibrational energy relaxation. 
Boltzmann Distribution Ratio 
Given the vibrational energy distribution in Figures 10-12, a 
Boltzmann-like oscillator distribution can be related to the vibrational 
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energy at each point in the process. Figures 13-15 show the ratio of the 
master relaxation equation number distribution to this calculated Boltzmann 
distribution. The results shown in these figures confirms the trends shown 
in Figures 8 and 9, a sharp overpopulation in some of the vibrational levels 
during the early part of the relaxation process, than a large underpopula-
tion during the approach to equilibrium. The departure from a Boltzmann-
like distribution is largest for the low temperature case, T = 500°K, the 
distribution becoming more Boltzmann-like for the higher temperatures, 
T = 1000°K and T = 2000°K. 
Figures 16-18 show the initial portion of the relaxation process, 
P^^ZNt^1, in more detail. These figures show the peak in the oscillator 
distributions, probably caused by the high transition probabilities of the 
upper levels momentarily causing an excess of oscillators in the inter­
mediate vibrational levels before these oscillators can be redistributed 
to the lower vibrational levels. The vibrational level at which this peak 
first occurs depends upon, both heat bath temperature and initial vibra­
tional temperature, being higher for the higher temperature, the higher 
initial vibrational temperature distributions having more oscillators in 
the upper levels. 
The same variables of Figures 13-15 are shown in Figures 19-21 for 
the first moment equation. The general trend observed in these figures 
is an overpopulation of oscillators during the entire relaxation process, 
with the peaks occurring early in the process. However, detailed observa­
tions of Figures 19-21 show results that do not appear obvious from the 
vibrational energy distributions in Figures 10-12. During the first part 
of the relaxation process there are oscillations in the oscillator number 
Figure 13. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 10. Master 
relaxation equation model with T = 500®K and = 2000°K. 
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Figure 14. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 11. Master 
relaxation equation model with T = 1000°K and = 4000°K. 
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Figure 15. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 12. Master 
relaxation equation model with T = 2000°K and = 8000°K. 
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Figure 16. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 10. Master 
relaxation equations model with T = 500°K and T = 2000®K. 
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Figure 17. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzraann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 11. Master 
relaxation equations model with T = 1000®K and T = 4000°K. 
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Figure 18. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 12. Master 
relaxation equations model with T = 2000°K and T = 8000®K. 
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Figure 19. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 10. First 
moment equation model with T = 500°K and T ^  = 2000°K. 
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Figure 20. Variation of ratio, fraction of oscillators in level n to fraction of oscillators in 
level n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like 
distribution calculated from vibrational energy distribution in Figure 11. First 
moment equation model with T = 1000°K and T = 4000°K. 
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Figure 21. Variation of ratio, fraction of oscillator in level n to fraction of oscillator in level 
n of a Boltzmann-like distribution, versus dimensionless time. Boltzmann-like distribu­
tion calculated from vibrational energy distribution in Figure 12. First moment equa­
tion model with T = 2000°K and T = 8000°K. 
vo 
Log (Oscillator Ratio), Log C^jj^^Bolt^ 
C6 
94 
distributions. It is recalled that the first moment equation produces the 
variation in V, the average number of vibrational quanta, with this, a 
reason for the unusual behavior is put forth. In the derivation of the 
first moment equation. Equation 35, from the master relaxation equations. 
Equation 19, it was assumed that the oscillators remained in a distribution 
with the form 
where the parameter is the same for all energy levels. Thus the number 
distribution that results from the first moment equation will differ from 
a Boltzmann-like distribution by the factor exp(-n**) during the relaxation 
process. This number distribution. Equation 25, was derived under the 
assumption (46) of an extremely fast vibration-vibration relaxation proc­
ess. However, the vibration-translation process occurs on a much longer 
time scale and the validity of assuming the continuance of the zeroth-
order number distribution during these processes may be in doubt. As 
stated previously, the zeroth-order number distribution leads to the 
vibration-vibration portion of the master relaxation equations being 
identically zero. If this number distribution is substituted into the 
vibration-translation portion, and these equations cast in the form for 
the change of ^  with time, the result is (see Appendix C) 
(25) 
(63) 
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From Equation 63 it can be seen that change in IT will be different at each 
level. Equation 63 is a function of the quantum level n, the transition 
probabilities and the energy difference of level n and level n+1. This 
would cast doubt upon the assumption that will be identical for each 
energy level during the vibration-translation relaxation process. Shuler 
(52) states that the application of the moment method results in a loss of 
information about the microscopic properties of the system. The form of 
the transition probabilities being the determining factor as to whether a 
macroscopic relaxation equation can be written. 
In summary, anharmonicity and vibration-vibration collision processes 
cause significant differences in the oscillator population of the vibra­
tional energy levels. The largest difference being in the upper vibrational 
levels, these being greatly underpopulated compared to a Boltzmann distri­
bution at the same vibrational energy. These differences in oscillator 
population do not have a large effect upon the vibrational energy, how­
ever since dissociation is more likely to occur from the upper levels, 
they may have a significant effect upon dissociation rates. 
Vibrational Relaxation Times 
If the reduced vibrational energy is defined as 
(64) 
and this quantity plotted versus time on a semi-ln plot, comparisons 
between oscillator models can be made. In Figures 22-24 In E' is plot­
ted versus P^^ZNt. The plot is a curve with a slope that approaches 
infinity at P^^ZNt = 0 and a constant value after P^^ZNt > 1. If the 
Figure 22. Reduced vibrational energy variation with dimensionless time. T = 500°K and T = 2000®K. 
Note: E' defined by Equation 64. 
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Figure 23. Reduced vibrational energy variation with dimensionless time. T = 1000°K and T = AOOO'K. 
Note: E' defined by Equation 64. 
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Figure 24. Reduced vibrational energy variation with dimensionless time. T = 2000°K and T = SOOO^K. 
Note: E' defined by Equation 64. 
Master Relaxation Equations 
— — First Moment Equation 
Harmonic Oscillator 
5.0 
4.0 
3.0 
2 . 0  
2.5 2 . 0  3.0 1.5 1 . 0  0.5 0 
Dimensionless Time, P^^ZNt 
102 
derivative of In E' is taken with respect to P^^ZNt 
d  / J ^ à (65) 
we have the interesting result that this derivative is analogous to the 
Bethe-Teller equation, with the derivative taking the place of the vibra­
tional relaxation time. This leads to a convenient definition of vibra­
tional relaxation time as 
=  — ( 6 6 )  
dj^  
where the slope referred to is the slope of the curves in Figures 22-24. 
From Figures 22-24, the plot for the harmonic oscillator is a straight 
line, therefore Equation 66 will have a constant value throughout the 
relaxation process. Therefore, the Bethe-Teller equation and Equation 37, 
the harmonic oscillator vibrational relaxation, will be valid. Equation 
37 can be written 
' /_ 
from this, P^^ZN will approach unity in the limit of zero temperature. 
Figure 22, for T = 500°K has a slope for the harmonic oscillator of nearly 
one. For the higher temperatures, T = 1000*K and T = 2000°K, the factor 
exp(-E^/kT) becomes more important and in Figures 23 and 24 the harmonic 
oscillator slope accordingly decreases. Thus the vibrational relaxation 
time for the harmonic oscillator is dependent upon heat bath temperature 
alone and any process in which the heat bath temperature is assumed 
103 
constant will have one value for the vibrational relaxation time during 
the process. 
For the master relaxation equations and first moment equation the 
curves in Figures 22-24 are definitely non-linear near the origin. Thus 
which the initial vibration temperature was taken as 290°K. According 
to the criteria of this investigation, vibration-vibration process should 
have little effect in this excitation process. As expected, the plot of 
In E' versus P^^ZNt was a straight line, indicating that vibration-
vibration processes would not be discernible in a shock wave environment. 
In an effort to obtain an analytical expression for the anharmonic vibra­
tional relaxation time, the curves in Figures 22-24 can be very closely 
approximated by a hyperbola placed through the origin with the form 
where and are constants associated with the intersection of the 
assymptote of the hyperbola with the coordinate axes. With Equation 66 
as the definition of P,„ZN V . we have iU aho 
with Equation 66 as a definition of "Cthere is no longer one value 
of during the relaxation process. Several cases were examined in 
(68) 
[ â, -h Cz (fio (69) 
•f' C/z. 
which can also be written 
(70) 
-f- Ci 
Zf?.ZAJû 
Figure 25. Experimental number of collisions per second for N2 as a function of heat bath temperature. 
©- Millikan and White, 0- Gaydon and Hurle, 0- Lukasik and Young, A- Henderson. From 
Parker (58). 
Collisions Per Second, ZN x 10 
SOT 
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Equation 70 shows that, particularly for very small values of t, P^^ZN 
is no longer a function of heat bath temperature alone. In Figures 22-24 
the extent of the non-linear portion of the curve is dependent upon the 
vibration-vibration collision processes, which have been shown to be de­
pendent on the difference between the non-equilibrium and equilibrium 
vibrational energies. 
To arrive at numerical values of vibrational relaxation time from 
Figures 22-24 a value for the number of collisions per second, ZN, must 
be obtained. Figure 25 shows experimental values of ZN as a function of 
temperature as taken from Parker (58) . With ZN from Figure 25 the vi­
brational relaxation times can be found from Equation 66. 
More in the context of the Bethe-Teller equation. Figures 26-28 show 
the derivative dE^/dt versus E^(c<?) - E^(t) . In these figures the process 
moves from right to left as it approaches equilibrium. From these figures 
it can be seen that the process is non-linear over the range where the 
most dynamic changes in vibrational energy are occurring. Thus, there 
is doubt in the validity of using the Bethe-Teller equation with the con­
ventional temperature dependent vibrational relaxation time in the short 
time interval at the beginning of the relaxation process. 
The results for vibrational relaxation times are summerized in 
Figure 29. In this figure the ratio 'ZT , / ÎT , is plotted versus P_ _ZNt. 
sho aho 10 
The ratio can be very large at times close to zero, but the approach to 
unity or is rather rapid. Actually does not reach a 
value equal to Figures 22-24 where the curve is essentially a 
straight line, is approximately ten percent less than If 
P^gZNt = 3 is chosen as the near-equilibrium region, ^^fore this 
Figure 26. Variation of vibrational energy time derivative with vibrational energy differen 
T = 500°K and T = 2000°K. 
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time will show varying degrees of enhancement. In the dimensional time 
scale this would be 0.372 x 10^  seconds for T = 500°K, 0.73 x 10 ^  seconds 
for T = 1000*K and 0.575 x 10 ^  seconds for T = 2000°K. The values for 
T = 500°K and T = lOOO^ K are nearly identical on the figure, in the region 
P^ gZNt = 1, the ratio is slightly larger for T = 1000°K. The 
vibrational relaxation times obtained using the first moment equation are 
also shown. In this case, the values for T = 500*K and T = 1000°K are 
indistinguishable over the entire relaxation range. The vibrational re­
laxation time ratio is larger at all times for the first moment equation, 
this denotes a greater enhancement in vibrational relaxation time for the 
first moment equation model. This difference is not as significant as 
might be inferred from the marked difference in other characteristics of 
the two relaxation models. While the vibrational relaxation times for 
T = 2000*K are larger, for both relaxation models, then the lower tempera­
ture cases in the dimensionless time scale, this may be misleading. When 
the data in Figure 29 is converted to a dimensional time scale, there are 
orders of magnitude difference in the actual time intervals where the 
vibrational relaxation time is enhanced, the time interval becoming 
significantly smaller with increasing temperature. Thus at lower tem­
peratures there would be more change of ambiguity in the measurement of 
a^ho" 
Comparison With Experimental Results 
Figure 30, the Landau-Teller plot, is one of the most common tools 
in the presentation of vibrational relaxation times. In light of the 
previous discussions the Landau-Teller plot loses definitensss when "ST , 
aho 
Figure 30. Variation of experimental and theoretical vibrational relaxation time with heat bath 
temperature to the negative one-third power. Anharmonic oscillator values from master 
relaxation equation model, harmonic oscillator values from Northup and Hsu (28) and 
Millikan and White values from Hurle (33). 
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obtained from the non-linear portion of Figures 22-24 is shown. However, 
if a lower limit for time is chosen, a range of relaxation times can be 
plotted that will show from this time until equilibrium. In 
Figure 30 a value of P^ Z^Nt = 0.2 was arbitrarily chosen as the lower 
limit for time. The relaxation times from this value to the value "ZT , 
aho 
obtained from the master relaxation equations that is essentially constant 
is shown as a vertical line with bars at each end. As mentioned pre­
viously this is a rather arbitrary presentation, by choosing P^ Z^Nt closer 
to the origin, the range can be extended as far as desired. Therefore 
some knowledge of the gas dynamic process in which "C is measured or used 
would make the Landau-Teller plot more definite. Also shown on the figure 
is a curve from Millikan and White (59). This curve 
= /oz.o /J.s^ (71) 
where p is the pressure in atmospheres, T the temperature in degrees 
Kelvin and ^  in seconds, is the result of a curve fit to extensive ex­
perimental shock tube data. The data reported by Millikan and White is 
given with respect to the average temperature between, the shock front and 
the equilibrium region. Hsu and McMillen (21) have shown that the equilib-
trium temperature behind the shock wave should be used when plotting ex­
perimental data on the Landau-Teller plot. Equation 71 has been corrected 
to the equilibrium temperature with data taken from Hurle (33). The dashed 
line on the figure is drawn through obtained from Northup and Hsu 
(28). In Figure 30 both and show the slight deviation from a 
straight line on the Landau-Teller plot that is characteristic of the 
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Table 7. Vibrational relaxation times (P^ Z^Nt > 3) 
a^ho a 
T (Master Relaxation Equations) "^ sho Percent Difference 
2 2 500 0.1232 X 10 0.1438 x 10 14.33 
1000 0.2475 X 10"1 0.2817 x lO"^  12.15 
2000 0.2295 x lO"^  0.2556 x lO"^  10.22 
O^btained from paper by Northup and Hsu (28) 
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Table 8. Vibrational relaxation times (P^ Z^Nt > 3) 
a^ho 
T (Master Relaxation Eqautions) 
500 0.1232 X 10^  
1000 0.2475 X 10"^  
2000 0.2295 x lO'^  
a 
zr 
Percent Difference 
0.318 X 10^  61.30 
0.708 X 10"^  65.00 
0.562 X 10"^  59.25 
O^btained from paper by Hurle (33). 
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straight line on the Landau-Teller plot that is characteristic of the 
single quantum transition model (28). Table 7 gives the difference be­
tween f , and % , 3 when "T , has achieved its asymptotic value, the 
aho sho aho 
difference is largest at T = 500°K and decreases with increasing tempera­
ture. Table S gives the 'same in formation for "ZT and the vibrational 
aho 
relaxation time calculated from the curve fit Equation 71. Here the dif­
ference does not follow any discernible pattern, being approximately 
sixty percent smaller than the experimental relaxation time over the range 
T = 500*K to T = 2000*K. 
The rather large difference between the theoretical X , and the 
aho 
experimental relaxation time may be due to several causes. The molecular 
constants used in the transition probabilities, particularly 1'; the range 
of repulsive forces, are difficult to evaluate experimentally and some 
doubt exists as to the correct values. The assumption that all molecular 
collisions occur one-dimensionally is also doubtful and two or three-
dimensional corrections may have an effect upon the transition probabilities. 
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CONCLUSIONS 
The following conclusions about a system of anharmonic oscillators 
relaxing from a high initial vibrational temperature to a low temperature 
heat bath can be made: 
1. The oscillator population of the vibrational levels during the 
relaxation process is non-Boltzmann, therefore no vibrational 
temperature, T^ , can be defined. In a comparison between the 
master relaxation equation model of this study and the first 
moment equation model of Treanor et al. (46), significant dif­
ferences arose. After completion of the vibration-vibration 
processes and the establishment of a quasi-steady number dis­
tribution, the master relaxation equation model is characterized 
by extremely underpopulated upper levels when compared to a 
Boltzmann distribution supported by the same vibrational energy. 
These levels then approach the equilibrium Boltzmann distribution 
from below. In contrast, the first moment equation model is 
characterized by an overpopulation in the upper levels during the 
relaxation process and approaches the equilibrium Boltzmann dis­
tribution from above. 
2. The relaxation of the vibrational energy and evaluation of the 
vibrational relaxation time are not significantly affected by 
the oscillator distribution in the upper vibrational levels. 
The master relaxation equation model and the first moment equa­
tion model vibrational relaxation times differ by a factor of 
less than two, even in the early -stage of the relaxation process 
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(P^ gZNc < 2), when the vibrational relaxation time enhancement is 
most significant. Therefore, the lowest vibrational levels are 
the predominant factors influencing vibrational energy and re­
laxation time behavior. 
I 
2. The reduced energy E , plotted versus time on a semi-log plot is 
not a straight line. With the vibrational relaxation time defined 
as the reciprocal of the slopes of this curve, this leads to a 
'^ aho varies with time during the relaxation process. In 
comparison with which remains constant throughout the » 
process, T"can be enhanced by a factor of 4 to 5, during a 
short interval at the beginning of the relaxation process. In 
the near-equilibrium region achieves a constant value, 
this value is fourteen percent less than at T = 500°K and 
ten percent less at T = 2000°K. 
4. The use of the Bethe-Teller relaxation equation to describe a 
process in which the vibrational energy is much higher than the 
equilibrium vibrational energy, may be valid only if T is cor­
rected to include a dependence upon the departure of the vibra­
tional energy from equilibrium. In this study an empirical 
expression, hyperbolic in form, was found to describe the re­
laxation time very closely. This correction may be particularly 
necessary in expansion flow environments at low translational 
temperatures. 
5. While there is some enhancement of % , due to vibration-
aho 
vibration processes during the early stages of a de-excitation 
relaxation process, this investigation does not find the orders 
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of magnitude difference noted by some experimental studies in 
expansion flow environments. Studies by Hurle and Russo (35,42) 
suggesting that coupling of free elections with the relaxation 
process, and by Von Rosenberg et al. (41) that impurities in the 
test gas, may be the causes of the enhancement in vibrational 
relaxation time seem more probable in view of the findings of 
this investigation. 
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RECOMMENDATIONS FOR FURTHER STUDY 
There are several areas of this vibrational relaxation study that 
would profit by extended studies. Some of these areas are: 
1. Further study of the vibration-vibration and vibration-
translation transition probabilities to further define the 
validity of the quasi-steady number distribution. 
2. Improved mathematical techniques that will allow the integration 
of the entire master relaxation equations, rather than the 
vibration-translation portion alone, during the entire 
relaxation process. 
3. A parametric study with various initial vibrational temperatures 
and heat bath temperatures to find a useful engineering ap­
proximation to the variable anharmonic vibrational relaxation 
time. This expression to be used in the Bethe-Teller relaxation 
equation which is more amenable to flow problems than the master 
relaxation equations. 
4. The replacement of the constant temperature heat bath model by 
a relaxation model with a variable temperature heat bath. 
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APPENDIX A. FIRST MOMENT EQUATION 
The first moment equation is written as 
and the zeroth-order number distribution as 
/:ôr / 
If Equation 29 is substituted into Equation 34 the result is 
^ 7 ? Z f J ^  f  - ^ / 7  _ _  -Sn t^. 
d t  ^  I . '  L  L  ^ û f  L  J  Â - r  j  
•^(a) 
'F I-  ^ "ZlâL-ès - Xo e>fF/ V-- • 
/ Xr4^  7^-
/ ( Z ' 
— /-  ^77<g7 
7^" 
(34) 
(72) 
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the exponential terms in this equation can be written 
kâ' L A.-r J A-r- " l^ ôf ^rj 
- •??-£' 77^ / -^ y7 ^  ^  j£i. _ :gk 7 _ ^  
^û/ A-r '  i  Ââ/ ATj r^ 
<£s!?^ / 
^•r 
- _' f f £i- _  ^ 7 _ 
/ r^- 7" / 7^'J 
M.-T" ÂX 
using the parameter defined by Equation 27 
T-  ^  ^
and Equations 73, Equation 72 can be written as 
^a/^ o — £ifp{-'n^)j 
-A -^W/ -  <2)fP 
 ^ {e;^p &- -J) 21  ^I ^ 2:-' /C ^  - 9?^ , 
7^" 
- %22±.' £)^p L ^  ^  (73-^0 r. 
f?o L AT J 
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From Equations 29 and 27 
A/? . 
etfp 
Equation 74 becomes 
(75) 
f V f  r  -  f  ^  ^ f  I -
(76) 
by noting that ? = P Equation 76 finally becomes 
mn nm 
(35) 
dt -rt i P,a /{ J 
which is Equation 35. 
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APPENDIX B. LMDAU-TELLER EQUATION 
First Moment Equation 
If the Landau-Teller dependence holds for transition probabilities 
then n+l^ '^ lO ~ and Equation 35 with Equation 27 becomes 
(353) 
For the harmonic oscillator the indicated summations are extended 
to infinity and 
.<£• =  ^ Stj -  ^
% tai A fa) 
*77 
(77) 
:herefore Equation 35a can be written 
{e^ P dr-^ / ) (78) 
Using the relations 
élvei 
/ - ^-£r,/A y) 
(36) 
/ — M Û/* ^  
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where is now the vibrational temperature and equal for all levels, 
then exp T is 
eifp sr - //- (SiCP^-^./AT) j (79) 
and Equation 78 can be written 
2AlP.a f<r/-  ^ - / /^ T 
(80) 
iiy 
J-t 
adding and subtracting the term ^ £l 1 to the numerator of 
[ a t -  A S '  J  
Equation 80 
- 2A/fio y}- SifP^-tSi/iT)  ^ j< '^^ P^~£t/AT)-£it'P^-£',/A/ 
L  ^J- //- <S>^P^~£:,/£â/)) 
- e>^p C-tE./AâJ') -f-e f^P^- .^/AT ^ éj./éâ,") 
0~ SiCP^r-^ i^/Ar)) 0~ eyP^- '^t/Aô/^ ) 
2A//%,// - ^ P^-£r/ir)] e;fp<r-£,/Arl 
t / -^PC-£,/A.T) 
(81) 
/ - ar/" Mô/) 
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this last equation is identical to Equation 1. 
Master Relaxation Equations 
3y summing Equation 53 over all levels n the result is 
•2"  — 2./^  j^  77  ^7? 
77  ^C 
(82) 
•/- ^ 7J / 
•rt ' ft j . 
If the index n in the last two teras is changed so that n = a-1 
then for n = 0, a = 1 and 
 ^y, ^  _ £/\/ J^57 J^ / A4? 
•n <2^- / 
a. ' 
(83) 
 ^-y) ~ ZA///}}-, ^iiPâ-â) R^-i-n ^77  ^ ^O-
dà ' 
- ^   ^^  <(L -^ a-/ &>fPC-'3) 
«• ' <%. 
a. 
all the terms with the index n are zero for n = 0 therefore, the sum­
mations can effectively be stated at n = 1, the second and third, first 
and fifth terms are then identical and cancel each other. Replacing 
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a in Equation S3 by n + 1 and using  ^= (n + 1) P^ Q and Equation 
77 
£> dc y? 
(84) 
 ^ i/Jfio j ex^p^-âj h:[  ^  ^a/ -
dt / } j <£/ 
dividing both sides of Equation 84 by the total number of molecules n to 
obtain the average vibrational energy 
we finally have 
(1)  O- ejfp/'â)) ^ 
the Landau-Teller equation. 
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APPENDIX G. DERIVATION OF ^  EQUATION 
Equation 21a and Equation 25 are written 
^ eyp 
•/• — y» -4k 
taking the derivative of Equation 25 
J- )/--n<Ù' )•/• €ifpA^) 
J c ^7-y </i6-
we finally arrive at 
-y, y yk 
By substituting Equation 21a into Equation 87 we have 
 ^- -A, /;4-/ e^pf-^-"^-jj - ;6, 
-/ z3i/ J_ A47 <2)fpL 
/ / 7^-
(21a) 
^ yo^ (fifP C~73dr) ^;CP ^^£-n/&-r) (25) 
(86) 
(87) 
(88) 
by replacing the x^ 's by Equation 25, Equation 88 becomes 
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(89) 
From Equation 21a 
 ^^ ^V/%, /^  - <fy/^  fzi-]'-J 
-t Ti -- 1' - ^ '"'[-§] I 
but from Equation 25 
(90) 
/, A) 
-^^ ,/k-r) (91) 
therefore 
- 2:A/f^ <> Sx-p^ -dr)/-) //- / (92) 
dt J 
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and 
— ei<'p^^y)r) 
e /^='f-C77 ,^)y eyp^ '^)Jj 
which reduces to 
(63) 
•/• 'STipf-
 ^ / 7^-
•/• ^ '"' /^ / v? «Ko 
(93) 
